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Abstract. The existence of states enjoying a weak form of the Reeh-Schlieder property has been recently
established on curved backgrounds and in the framework of locally covariant quantum field theory. Since
only the example of a real scalar field has been discussed, we extend the analysis to the case of massive
and massless free fields either of spin 1
2
or of spin 1. In the process, it is also shown that both the vector
potential and the Proca field can be described as a locally covariant quantum field theory.
1 Introduction
One of the main results in the algebraic approach to quantum field theory is the so-called
Reeh-Schlieder theorem, which asserts that, in the framework of a real scalar field theory on
Minkowski spacetime, the set of vectors generated from the vacuum by the polynomial algebra
of any open region is dense in the underlying Hilbert space – see theorem 5.3.1 in [Haag92]. From
a physical point of view this statement basically warns us that making precise the qualitative
notion of localized states can be trickier than it appears at first glance. This property was shown,
moreover, to hold true for a broader class of free fields and on a larger class of backgrounds in
[Stro00] where the existence of an algebraic state enjoying the Reeh-Schlieder property was
proven for scalar, Dirac and Proca fields on a four dimensional static manifold. This result
prompted a further analysis in [San09]: In the framework of locally covariant field theories it
was shown that the construction of a state enjoying the Reeh-Schlieder property on an ultrastatic
spacetime suffices to claim the existence of a state which enjoys the very same property at least
for a suitable region on an arbitrary globally hyperbolic spacetime. This is achieved by a careful
use of a deformation argument first introduced in [FNW81] and often used in the literature to
prove the existence of states enjoying the so-called Hadamard condition [SaVe01]. Furthermore,
in [San09] it was also shown that a free real scalar field falls in the class of theories for which
the mentioned result can be applied.
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The goal of this paper is to prove that the existence of a state enjoying at least on a suitable
region the Reeh-Schlieder property is not restricted to the example of a scalar field theory, but
it can be extended to higher spin field theories, most notably the Dirac field, the Proca field
and the vector potential. The reason for this investigation originated not only from the desire
of extending the axiomatic results on Minkowski background to an arbitrary globally hyperbolic
spacetime, but it is also connected to some recent results in constructive algebraic quantum
field theory. In particular, in [DLM10] it was shown that warped convolutions, a deformation
technique first developed for quantum field theories on Minkowski space and closely related to
Rieffel’s deformation [BLS10], can be applied also on a rather broad class of curved backgrounds.
Although the whole procedure is carried in a model-independent, operator-algebraic framework,
and although the deformed models share many structural properties with deformations of quan-
tum field theories on a flat background, a natural and yet very difficult question to answer is
whether the deformed model is actually not equivalent to the original one. Although a general
answer is still not within reach, thanks to the results in [BLS10], it was shown that this is in-
deed the case for a free Dirac field living on a Friedmann-Robertson-Walker spacetime with flat
spatial section. The key point of the argument is the existence of a state for the undeformed
theory which enjoys the Reeh-Schlieder property for a suitable open region, a fact which cannot
hold true after the deformation.
Hence, on account of this example, it is even more important to answer the question whether
higher spin free field theories posses a state which enjoys at least locally the Reeh-Schlieder
property. While the case of a Dirac field is rather simple since it was already proven in [San10]
that it can be described as a locally covariant quantum field theory, a similar analysis for the
Proca field and for the vector potential seems not to be available in the literature.
Hence, we organize the paper as follows: In section 2.1, we introduce with the language of
bundles the kinematical configurations for spin 12 and spin 1 fields on an arbitrary globally hy-
perbolic spacetime (M,g). In section 2.2 the classical dynamics are instead thoroughly discussed
and the associated algebras of observables are defined. In section 2.3 we recast the previous anal-
yses in the language of general local covariance and it is proven that both the vector potential
and the Proca field fit in this framework. Section 3 is instead entirely devoted to the recollection
of the deformation argument; this leads to the identification of a state enjoying at least on a
suitable region the Reeh-Schlieder property and to the proof that such a state exists also for
higher spin free field theories.
2 Higher spin field: classical dynamics and field algebra
The determination of a classical dynamical system is essentially ruled by two key steps: the con-
struction of suitable kinematical configurations and the identification of a distinguished subset
ruled by the underlying dynamics. If one focuses only on non-interacting theories constructed
on the flat Minkowski background, there exists a well-established procedure, first introduced by
Wigner, which completely and unambiguously classifies the class of possible free fields and their
equation of motion out of the unitary and irreducible representations of the Poincare´ group.
2
On a manifold with a non trivial Lorentzian metric the situation is less crystal clear due
to the potential absence of any isometry and hence of any Wigner-like analysis. In such a
framework even the construction of a free field theory requires a more careful analysis and it is
ultimately affected by some arbitrary choices. Even under the reasonable requirement that the
generalization on curved backgrounds of a free field should coincide with the Minkowski one in
the limit when the metric becomes the flat one, already the definition of suitable kinematically
allowed configurations is a rather subtle affair. The first problem one faces is the necessity
to find a suitable notion of a “field with spin j”, j being any integer or semi-integer number.
Although for scalar and for spin 1 fields, one can easily consider smooth function and 1-forms
respectively, the case where j = 12 is already less transparent. In this case one is forced to
develop a characterization of the spin of a field out of geometric structures which are meaningful
also on a large class of manifolds with a non-trivial geometry. An elegant solution to this
potential difficulty can be found combining the language of fibre bundles with the existence of
a natural notion of Lorentz group connected to the frames defined at each point of a Lorentzian
background. The first goal of this section will be to recapitulate such an approach for the non-
trivial scenario of Dirac field and later we shall extend it to the case of spin 1. Since this last
case was never presented in this language, we feel worth to devote a few lines to close this small
gap.
2.1 The bundle structures and the kinematical configurations
As a first step we shall introduce the kinematically allowed configurations for spin 12 and spin
1 fields leaving the discussion of the dynamical ones to the next section. Due to a few intrinsic
differences we shall always discuss the two cases separately. Furthermore, since there exists a
recent and extensive literature on spinors, particularly [DHP09, San08, San09, Ver01] but also
[Dim82], we will follow these references to which we refer for a more extensive analysis. Before
entering into the details, we fix once and for all our notion of spacetime:
Definition 2.1. A spacetime is a four-dimensional differentiable, connected, Hausdorff mani-
fold M endowed with a smooth Lorentzian metric g whose signature is chosen as (−,+,+,+).
Furthermore, if M is oriented, time oriented and it possesses a Cauchy surface, that is a closed
achronal set Σ whose domain of dependence coincides with M , then (M,g) is called globally
hyperbolic. Henceforth we shall only consider these manifolds.
The kinematics of Dirac fields: As we have already mentioned above, the notion of Dirac field
requires first of all a suitable definition of spin and we shall now recall how this can be inferred
from the geometric structures available on a generic spacetime.
Definition 2.2. The Lorentz frame bundle of M is LM = LM [SO0(3, 1), πL,M ] where
SO0(3, 1) is the component connected to the identity of the Lorentz group while πL : LM →M .
This structure comes together with the free and transitive right action RL : SO0(3, 1) × LM →
LM such that RL(Λ, [Λ
′, p]) = [ΛΛ′, p] for all Λ ∈ SO0(3, 1) and for all [Λ
′, p] ∈ LM .
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Unfortunately, in order to define a suitable notion of spin structure, we need to go one step
beyond the above definition and particularly we shall exploit that SL(2,C) is the double cover
of SO0(3, 1). Hence,
Definition 2.3. We call spin structure of a spacetime (M,g), the following two data:
• the spin bundle SM
.
= SM [SL(2,C), πS ,M ] with πS : SM → M and with the fibrewise
right action RS of SL(2,C),
• a smooth bundle morphism ρ : SM → LM such that πL◦ρ = πS and ρ◦RS(Λ˜) = RL(Λ)◦ρ
where Λ = Π(Λ˜), Π being the canonical surjective group homomorphism from SL(2,C) to
SO0(3, 1).
We recall that a spacetime (M,g) admits a spin structure if and only if the second de Rham
cohomology group with Z2 coefficients H
2(M,Z2) = {0} and that the number of non equivalent
ones coincides with that of the equivalence classes in H1(M,Z2). Notice that in this paper all
cohomolgies will be of de Rham type and hence we will not specify it again. Furthermore it is
important to stress that, as proven by Geroch [Ge68, Ge70], all globally hyperbolic spacetimes
have a trivial second cohomology group with Z2-coefficients. Hence, in the cases we consider,
the existence of at least a spin structure is always guaranteed. We can thus proceed as follows
Definition 2.4. The Dirac (spinor) bundle of a four dimensional globally hyperbolic space-
time M is the associated vector bundle DM
.
= SM ×T C
4 where T
.
= D(
1
2
,0) ⊕ D(0,
1
2) is a
SL(2,C)-representation. Hence DM is the set of equivalence classes [(p, z)] where p ∈ SM ,
z ∈ C4 and (p, z) ∼ (p′, z′) if and only if there exists Λ ∈ SL(2,C) such that RS(Λ)p = p
′
while T (Λ−1)z = z′. Hence DM ≡ DM [C4, πD,M ] is a fibre bundle over M with C
4 as typ-
ical fibre. The projection map is inherited from SM , namely for every [(p, z)] ∈ DM , we
set πD ([(p, z)])
.
= πS(p). Furthermore, if we endow the typical fibre with the standard non-
degenerate inner product, we can construct the dual Dirac bundle D∗M as the C4∗-bundle
over M where we require that the points (p1, z
∗
1) and (RS(Λ)(p), z
∗
1T (Λ)) are equivalent. Here
∗ is the adjoint with respect to the inner product and thus elements of
(
C
4
)∗
are meant as row
vectors. Consequently, the dual pairing between C4 and
(
C
4
)∗
extends to a well-defined fibrewise
dual pairing between DM and D∗M .
We can now introduce the key object of a spin 12 field theory:
Definition 2.5. A spinor field is a smooth global section of the Dirac bundle, namely ψ ∈
Γ(DM). The space Γ(DM)
.
= C∞(M,DM) is naturally endowed with the topology induced by
the family of seminorms
‖ψ‖n,K
.
= sup{|ψ(n)(x)|, x ∈ K}, ψ ∈ Γ(DM)
where (n) denotes the derivative of n-th order whereas K is an arbitrary compact set. Equiv-
alently, we call a cospinor field a section ψ′ ∈ Γ(D∗M), the latter space being also endowed
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with the same topology as Γ(DM).
Notice that, together with smooth sections, it is important to consider also the space of
smooth sections with compact support, D(DM) = C∞0 (M,DM) equipped with the following
topology: A sequence fk ∈ D(DM), k ∈ N converges to f ∈ D(DM) if all fk and f are
supported in a compact subset K ⊂ M and all derivatives of fk converge to the ones of f
uniformly in K. A similar definition holds for D(D∗M) = C∞0 (M,D
∗M) and furthermore there
exists a global pairing between Γ(DM) and D(D∗M) (as well as between Γ(D∗M) and D(DM))
by integrating the local pairing induced by the inner product on C4:
〈ψ, f〉
.
=
∫
M
dµ(x)ψ(x)(f(x)). ∀ψ ∈ Γ(DM), and ∀f ∈ D(D∗M)
To summarize, on a globally hyperbolic spacetime, a kinematically allowed configuration of
a spinor is nothing but a smooth section of an associated bundle constructed out of the same
representation of SL(2,C) which is used on Minkowski spacetime to characterize Dirac fields.
Within this respect we can claim that ψ as in definition 2.5 has spin 12 . The generalization
of this picture to the real or complex scalar field is rather straightforward, but it is certainly
desirable not be limited to these cases, but, quite surprisingly, already spin 1 fields seem not
have been ever treated in this language. The usual paradigm to consider in this scenario sections
of the cotangent bundle of the underlying spacetime is of course flawless, yet we find worth to
supplement it with a complementary approach which justifies also on curved backgrounds the
notion of spin 1 fields.
The kinematics of spin 1 fields: Let us briefly mention that, on Minkowski spacetime, a spin
1 field, be it the Proca field or the vector potential, is real and unambiguously characterized
by its transformation under a suitable unitary and irreducible representation of the Poincare´
group induced from the D(
1
2
, 1
2
)-representation of SL(2,C). Furthermore the reality condition
for this field entails that such a representation boils down to the fundamental one of SO0(3, 1).
Therefore, in analogy with the Dirac case, but avoiding the notion of spin structure since not
strictly necessary, we can proceed as follows:
Definition 2.6. The (real) Proca bundle of a spacetime (M,g) is the associated bundle
PM
.
= LM ×Λ R
4 where PM is the set of equivalence classes [(p, vµ)], p ∈ LM and vµ ∈ R4,
where (p, vµ) ∼ (p′, v′µ) if and only if there exists Λ ∈ SO0(3, 1) with p
′ = RL(Λ)p and v
′µ =
Λµνvν, where Λ
µ
ν stands for the real fundamental representation of SO0(3, 1) on R
4. In other
words PM = PM [R4, πP ,M ] where πP (p, v
µ)
.
= πL(p). A Proca field or a vector potential is
A ∈ Γ(PM), all the sections being endowed with the topology induced by the seminorms
‖A‖n,K
.
= sup{|A(n)(x)|, x ∈ K}, A ∈ Γ(PM)
where (n) denotes the derivative of n-th order whereas K is an arbitrary compact set.
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We stress that, in complete analogy with definition 2.4, we could have started from an asso-
ciated bundle constructed out of the D(
1
2
, 1
2)-representation of SL(2,C), considering ultimately
only the real smooth sections. This turns out to be completely equivalent to definition 2.6 and
hence it is justified to call A ∈ Γ(PM) a field of spin 1.
In order to see the connection with the standard picture of a Proca field or of a vector
potential, we notice that SO0(3, 1), the structure group, acts transitively on each fibre π
−1(x) ∼
R
4 for all x ∈ M . Hence, we are free to solder PM and to conclude that there exists a linear
isomorphism Θ : TM → PM , which composed with the canonical metric-induced isomorphism
Θg : T
∗M → TM , yields the sought isomorphism Θ˜ : Θg ◦Θ : T
∗M → PM . This entails that to
any section A ∈ Γ(PM) we can associate via pull-back a unique one form A˜
.
= Θ˜∗(A) ∈ Γ(T ∗M).
Henceforth, Θ∗ will be left implicit and A will always refer to a section of T ∗M . To conclude
notice also that the definition of PM is sometimes used directly as the one of the tangent bundle
[KoNo63].
2.2 The dynamical configurations and the associated algebras
Since we have a full control of the kinematically allowed configurations for spin 12 and spin 1
fields on a globally hyperbolic curved spacetime, we can focus on the dynamics. We shall split
our discussion in three parts covering Dirac fields, Proca fields and vector potentials respectively.
Furthermore we will also introduce the algebra of observables of each of these theories since it
is unambiguously determined out of the space of solutions of the equations of motion.
The dynamics and the algebra of fields of Dirac fields: This scenario has been thoroughly dis-
cussed in the recent literature, see for example [Dim82, DHP09, Ha10, San08] and we shall thus
only recall the main ingredients and results since a careful analysis would require a paper on its
own. Notice that in this section we shall adopt the notation and the nomenclature of [DHP09].
The dynamics for a spinor ψ ∈ Γ(DM) and for a cospinor ψ′ ∈ Γ(D∗M) are ruled by the Dirac
equation: {
Dψ = (−γµ∇µ +mI)ψ = 0,
D′ψ′ = (γµ∇µ +mI)ψ
′ = 0
, (1)
where m ≥ 0, I is the identity operator and where the γ-matrices are chosen as
γ0 =
(
I2 0
0 I2
)
, γi =
(
0 σi
−σi 0
)
,
σi with i = 1, 2, 3 being the standard Pauli matrices and I2 the 2 × 2 identity matrix. Fur-
thermore ∆ : Γ(DM) → Γ(DM ⊗ T ∗M) is the standard spin connection – see definition 2.9 in
[DHP09]. As proven in [Dim82, DHP09], the operator D admits an advanced (−) and a retarded
(+) fundamental solution S± : D(DM) → Γ(DM) fulfilling DS± = id = S±D, id being the
identity map on the appropriate spaces. Furthermore S± enjoy the standard support property
supp(S±(f)) ⊆ J±(supp(f)) for all f ∈ D(DM). An identical result holds true for the cospinor
and for the operator D′ which thus also admits a unique advanced and retarded fundamental
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solution S±∗ : D(D
∗M)→ Γ(D∗M) enjoying the same properties as S±. Till this point, spinors
and cospinors have been considered as completely distinct objects although, as customary in
Minkowski spacetime, it is possible to relate them via a suitable mapping. To this avail, we
recall that there exists the Dirac conjugation matrix, that is the unique β ∈ SL(4,C) such that
(i) β∗ = β, (ii) γ∗a = −βγaβ
−1 with a = 0, ..., 3 and (iii) iβnaγa > 0, n being timelike and
future-directed. This object allows us to introduce the Dirac conjugation maps:
·† : Γ(DM)→ Γ(D∗M), f †
.
= f∗β,
·† : Γ(D∗M)→ Γ(DM), h†
.
= β−1h∗,
where ∗ denotes the adjoint with respect to the inner product on C4. Notice both that β is unique
once a choice of the γ-matrices has been made and that, if we apply the Dirac conjugation maps
twice consecutively, we obtain the identity. In particular in our scenario β = −iγ0.
As it holds true for bosonic field theories, the full control of the classical dynamics entails
the possibility to introduce a natural algebra of observables. Within this respect, the first
formulation of Dirac fields on curved backgrounds [Dim82] treats “particles” and “antiparticles”
as distinct objects although, since we are interested in the locally covariant properties of spinors,
we shall follow a different approach first introduced in [Ar71] and later used also in [DHP09,
San08]. This calls for considering spinors and cospinors as part of a single object; the building
block of this idea is the direct sum of vector bundles DM ⊕ D∗M out of which we can define
D
.
= D(DM ⊕D∗M). It is the set of smooth and compactly supported sections endowed with
the standard topology induced from that of D(DM) and of D(D∗M) as per definition 2.5. The
Dirac conjugation maps above defined can be joined to form the new application Γ : D → D
such that
Γ(f ⊕ h)
.
= h† ⊕ f †, ∀f ⊕ h ∈ D. (2)
In order to define a suitable algebra we need a last datum, that is a sesquilinear form (, ) : D2 →
C:
(f, h)
.
= −i〈f †1 , Sh1〉+ i〈S∗h2, f
†
2〉, (3)
where f
.
= f1 ⊕ f2, h
.
= h1 ⊕ h2 and 〈, 〉 is the non-degenerate pairing between Γ(DM) and
D(D∗M) introduced in the previous section.
Definition 2.7. We call algebra of fields of the Dirac field, the unital ∗-algebra F(M,g)
generated by the identity and the abstract elements B(f) with f ∈ D. They satisfy the following
defining relations:
• the map f 7→ B(f) is linear,
• B(Df1 ⊕D
′f2) = 0 for all f1 ⊕ f2 ∈ D, where D and D
′ are the operators defined in (1),
• B(Γf) = B(f)∗ for all f ∈ D and with Γ defined as in (2),
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• {B(f)∗, B(h)} = B(f)∗B(h)+B(h)B(f)∗
.
= (f, h) for all f, h ∈ D and where (, ) is defined
as in (3).
We remark that the notion of spinor and cospinor can be recovered from the generators
of the field algebra by a suitable choice of the test-functions, namely ψ(h)
.
= B(0 ⊕ h) where
ψ†(f) = B(f ⊕ 0). Furthermore, since (, ) is a sesquilinear form, we can consider the coset space
D/ (Ker(S ⊕ S∗)) and complete it to a Hilbert space H with respect to (, ). As a by-product
the pair (H,Γ) allows the extension of F(M,g) to a C∗-algebra, F(M,g) whose elements are
bounded operators on H itself. Yet it is clear that not all elements of F(M,g) can be considered
as genuine observables due to the anticommuting nature of spinors and cospinors. Hence, as
a first step, we restrict our attention to Feven(M,g), the even subalgebra of F(M,g) whose
elements are invariant under the map B(f) 7→ −B(f). As shown in proposition 3.1 of [DHP09],
this suffices to guarantee that elements, whose supports are spacelike separated, commute. This
is still not sufficient since we have also to ensure that all elements are “well behaving” under
the action of an element of SL(2,C). Hence, we shall consider as algebra of observables the
set A(M,g) ⊂ Feven(M,g) whose elements A
.
=
∑
nB(fn,1)...B(fn,2kn) are (pointwise) invariant
under a particular “action” L˜z(Λ) of any Λ ∈ Spin0(3, 1); given an arbitrary but fixed z ∈ C
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and any p ∈ SM , we first define L˜z(Λ) on [(p, z)] ∈ DM and [(p, z
∗)] ∈ D∗M as
L˜z(Λ) ([(p, z)])
.
= [(p, T (Λ)z)], L˜z(Λ) ([(p, z
∗)])
.
= [(p, z∗T (Λ−1))],
where T is the same representation of SL(2,C) introduced in definition 2.5. L˜z(Λ) can then be
straightforwardly extended to DM ⊕D∗M , subsequently to arbitrary outer tensor products of
the latter, and finally to the test sections fn,1⊗· · ·⊗fn,2kn determining A. Since L˜z(Λ) depends
on z, it is of course not a well-defined action in the strict sense, cf., the footnote on page 74 in
[San08].
The dynamics and the Weyl algebra of Proca fields: We turn our attention to the case of spin 1
fields and due to some sharp differences we discuss separately the massless and the massive case.
We shall start from the latter already considered in [Fur99, FePf03]. We say that A ∈ Γ(T ∗M)
is a dynamically allowed Proca field if
(δd+m2)A = 0, (4)
where m2 > 0, while d : Ωp(M) → Ω(p+1)(M) is the exterior derivative, Ωp being the space
of smooth real-valued p-forms. At the same time δ : Ωp(M) → Ω(p−1)(M) is the coderivative
defined as δ
.
= ∗−1d∗, ∗ being the Hodge-dual. A remarkable property of these operators is that
they can be combined together in the Laplace-de Rham operator 
.
= dδ + δd which coincides
with −g = −g
µν∇µ∇ν , minus the wave operator. Hence, (4) can be rewritten as
(− dδ +m2)A = 0,
which, in an arbitrary frame of (M,g), assumes the more renown form:
(g −m
2)Aµ +∇µ∇
νAν −R
ν
µAν = 0, (5)
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Rµν being the Ricci tensor associated to g.
At first glance this equation does not look hyperbolic, but if one applies the codifferential to
(4), one obtains:
δ(δd +m2)A = m2δA = 0.
Whenever m 6= 0, this entails the Lorentz gauge condition since δA = 0 implies in a local
coordinate ∇µAµ = 0. Hence, every solution of (4) is also coclosed, which guarantees us that
the dynamics can be equivalently described by a second order hyperbolic partial differential
equation:
( +m2)A = 0, δA = 0. (6)
The set of solutions of the first equation in (6) can be generated with the help of the so-
called advanced (−) and retarded (+) fundamental solutions E±m : Ω
1
0(M) → Ω
1(M) where
Ω10(M) represents the set of smooth and compactly supported one-forms on M . The operators
E±m are left and right inverses of +m
2 on the appropriate functional spaces and they yield the
standard support properties, i.e., supp(E±m(f)) ⊆ J
±(supp(f)) for all f ∈ Ω10(M). Furthermore
since [, δ] = [, d] = 0, E±m intertwine the action of both δ and d. This allows to write the
space of solutions for (6) as
Sm(M) =
{
Af ∈ Ω
1(M) | ∃f ∈ Ω10(M) and Af = ∆(f)
.
= ∆+(f)−∆−(f)
}
,
where ∆±
.
= E±m
(
I+m−2dδ
)
, I being the identity operator. See also [FePf03] although a differ-
ent signature for the metric is employed. Notice that the Lorenz gauge condition is automatically
implemented since, for all f ∈ Ω10(M), the following chain of identities holds:
δ∆(f) = δ
(
Em(I+m
−2dδ)f
)
= Em
(
(δ +m−2δdδ)f
)
= m−2Em
(
(m2 +)δf
)
= 0.
Notice that, exactly as for real scalar fields, it is possible to single out the kernel of the causal
propagator – see also lemma A.2 in [FePf03] – introducing the following set of equivalence classes:[
Ω10(M)
]
m
= {[f ] | f ∈ Ω10(M), and f ∼ f
′ ⇐⇒ ∃f˜ ∈ Ω10(M) | f − f
′ = (δd +m2)f˜}.
The space of solutions can be rewritten as Sm(M) ≡ ∆
([
Ω10(M)
]
m
)
and, on account of the
results of section 4.3 in [BGP07], pg. 129 in particular, it turns out that Sm(M) is a weakly
non-degenerate symplectic vector space if endowed with the following antisymmetric bilinear
form
σm(Af , Ah)
.
=
∫
M
∆(f) ∧ ∗h. ∀Af , Ah ∈ Sm(M) (7)
Notice that both f and h are meant as arbitrary representatives of the equivalence classes in
[Ω10(M)]m generating Af and Ah respectively; the symplectic form is manifestly independent
from such a choice.
With all these data it is possible to apply a standard construction to associate an algebra of
observables to a massive spin 1 field:
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Definition 2.8. We call Weyl algebra of a Proca field on a four dimensional globally
hyperbolic spacetime (M,g) the unique (up to ∗-isometries) C∗-algebra Wm(M,g) associated
to (Sm(M), σm) and generated by the elements W (Af ) for all Af ∈ Sm(M) together with the
defining relations:
W (Af )
∗ =W (−Af ), W (Af )W (Ah) = e
i
2
σm(Af ,Ah)W (Af +Ah).
Furthermore this algebra satisfies the time-slice axiom, that is, if Σ is a Cauchy surface of (M,g)
and O an open globally hyperbolic subset of (M,g) containing Σ, it holds
Wm(M,g) = Wm(O, g|O).
The last statement of this definition is a direct consequence of lemma A.3 in [FePf03].
The dynamics and the Weyl algebra of massless spin 1 fields: The scenario, in which (4) is taken
with m = 0, is more involved and thus it requires a careful analysis on its own. Already the
equation of motion could be seen as originating from two different paths:
• The first calls for considering the curved spacetime analogue of Maxwell equations, that is
a two-form, called field strength, F ∈ Ω2(M) which fulfils dF = 0 and δF = 0. Unless the
second cohomology group H2(M) is trivial, we cannot apply Poincare´ lemma to conclude
that there exists a globally defined A ∈ Ω1(M) such that F = dA. This obstruction entails
that not all field strength tensors which are dynamically admissible descend from a global
vector potential; yet those which can be constructed in this way originate from vector
potentials A ∈ Ω1(M) obeying the equation of motion δdA = 0. For a recent analysis
focused on the field strength tensor, refer to [Lang10].
• The second calls for considering the vector potentials A ∈ Ω1(M) as the building block
of the theory. Their dynamics are ruled by the action S[A] = 14
∫
M
dA ∧ ∗dA, where ∗ is
the Hodge dual. The associated Euler-Lagrange equation is δdA = 0 and accordingly we
define:
M
.
=
{
[A], A ∈ Ω1(M), δdA = 0 and A ∼ A′ ⇐⇒ ∃Λ ∈ Ω1(M), dΛ = 0 and A−A′ = Λ
}
.
In this paper we shall focus on the second scenario even though all vector potentials dynam-
ically allowed might not exhaust the possible set of field strengths as if we were considering F as
the main object. Nonetheless, even in this picture dA still remains the basic observable and this
entails the existence of a gauge freedom, namely two vector potentials which differ by a smooth
and closed 1-form are indistinguishable. This justifies the definition of M.
Such freedom plays a further key role also in the study of the classical dynamics of a vector
potential: Contrary to the massive case, δA = 0 is not identically satisfied by all solution of (4)
with m = 0. Yet the following lemma avoids any possible complication:
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Lemma 2.1. Every solution of (4) is gauge equivalent to one of
A = 0, δA = 0, (8)
where A ∈ Ω1(M).
Proof. By direct inspection every solution of (8) solves δdA = 0. Hence, let us consider any A
solving the latter equation and we look for Λ ∈ Ω1(M) such that dΛ = 0 and (A + Λ) = 0,
δ(A + Λ) = 0. In particular let us choose χ ∈ C∞(M) and let us fix Λ = −dχ; in order to
guarantee the coclosedness of A′
.
= A− dχ, it must hold δA = δdχ = χ. This constraint on χ
entails that A′ solves automatically the wave equation since A′ = A−dχ = A− dχ =
A − dδA = δdA = 0. To conclude we notice that the existence of at least one function χ
satisfying the above requisites descends from corollary 5 in chapter 3 of [BaeFr09]; it guarantees
the existence of a smooth solution of a scalar equation of the form χ = f with f ∈ C∞(M)
provided that smooth initial data are assigned.
Yet since the actual physical system is represented by the elements of M, we cannot simply focus
on the solutions of (4), but we have to identify those vector potential solving (8) and lying in
the same equivalence class of M:
Lemma 2.2. Let L be the set of equivalence classes of vector potentials solving (8) where A′ ∼ A
if and only if there exists Λ ∈ Ω1(M) such that dΛ = 0, δΛ = 0 and A′ = A + Λ. Then there
exists a bijection ϕ : M → L such that ϕ([A]) = [A′] where [A′] is the equivalence class in L
generated by the 1-form A′ = A+ dχ where χ ∈ C∞(M) and χ = δA.
Proof. The map ϕ is well-defined since lemma 2.1 guarantees that A′ solves (8) and thus [A′] ∈ L.
Furthermore [A′] does not depend on χ. As a matter of fact we have the freedom to choose
χ, χ′ ∈ C∞(M) such that χ = χ′ = δA, but dχ 6= dχ′. Yet A′ = A−dχ = A−dχ′−d(χ−χ′)
and, if we consider Λ
.
= d(χ′ − χ) it is immediate that dΛ = 0 and δΛ = (χ′ − χ) which
vanishes.
We show that ϕ is a bijection. Since the map is linear, injectivity of ϕ is guaranteed if we
show that only [0]M ∈ Ker(ϕ). Suppose this is not true, than there would exist [A] ∈ M such
that ϕ([A]) = [0]L. This is not possible since, per definition of ϕ, there exists χ ∈ C
∞(M) such
that A+dχ = 0 and χ = δA. Yet, on account of the definition of M, this entails that A ∈ [0]M.
Surjectivity instead can be easily proven noticing that every [A] ∈ L is generated by A, solution
of (8) and thus also of (4). Hence A generates also an equivalence class in M and any other
representative of [A] ∈ L would fall in the same equivalence class since two elements differ by
a smooth 1-form which is both closed and co-closed. To conclude, a direct computation shows
that ϕ ◦ ϕ−1 = id : L→ L while ϕ−1 ◦ ϕ = id : M→M.
As a by-product of this lemma we can focus only on the solutions of (8) and, as usual,
we are interested in those generated by compactly supported initial data. In order to account
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automatically for the Lorenz condition, we use a procedure first implemented in [Dim82], see
proposition 4 in particular: We define as space of test functions:
Ω10,δ(M)
.
= {f ∈ Ω10(M) such that δf = 0},
from which we construct
S(M) =
{
A ∈ Ω1(M) | ∃f ∈ Ω10,δ(M) | A = E(f)
}
,
where E is the causal propagator associated to the -operator. Yet, on account of the definition
of L, it is still possible to assign two distinct initial data yielding two 1-forms which are in the
same equivalence class and we want to single out such possibility.
Definition 2.9. We call
[
Ω10,δ(M)
]
the set of equivalence classes [f ] constructed out of the
following equivalence relation:
• f ∼ f ′ if f, f ′ ∈ Ω10,δ and if there exists β ∈ Ω
2
0(M) such that f − f
′ = δβ and dβ = 0.
Then we define the space of Lorentz solutions with compactly supported initial data L0(M)
.
=
E
[
Ω10,δ(M)
]
, where E is the causal propagator of  in (M,g). We also introduce M0(M)
.
=
ϕ−1 (L0(M)), ϕ being the map defined in lemma 2.2.
Notice that the equivalence relation between two test functions can be justified as follows:
Let f, f ′ be any two representatives of [f ] ∈
[
Ω10,δ(M)
]
. Then E(f)−E(f ′) = E(f − f ′) = E(f˜)
where f˜ ∈ Ω10,δ(M); hence δE(f˜ ) = 0. Furthermore, since f and f
′ should generate two solutions
in the same equivalence class of L, it must hold dE(f˜ ) = E(df˜ ) = 0, which entails that there
exists β ∈ Ω20(M) such that df˜ = β. Yet f˜ = dδf + δdf˜ = δβ = δβ, which, due to the
compactness of all forms, yields f˜ = δβ. Furthermore, since df˜ = β, it must also hold that
δdβ = 0, which in turn implies the identity dβ = 0, which is equivalent to dβ = 0, β being
compactly supported.
In order to discuss the quantization of the vector potential, we can proceed constructing an
associated Weyl algebra. To this avail we need to identify a suitable symplectic form on M or
rather, in view of the preceding discussion, on M0. The auxiliary space of Lorentz solutions is
rather handy since
Proposition 2.1. The set L0(M) is a symplectic vector space if H
1(M) is trivial and if endowed
with the following weakly non-degenerate symplectic form:
σ([Af ], [Ah]) =
∫
M
E(f) ∧ ∗h, (9)
where f, h are any representative of [f ], [h] ∈
[
Ω10(M)
]
while ∗ stands for the Hodge-operator.
This automatically induces a weakly non-degenerate symplectic form σM0 : M0×M0 → R defined
as the pull-back
σM0([A], [A
′])
.
= ϕ∗σ([A], [A′])
.
= σ(ϕ[A], ϕ[A′]). ∀[A], [A′] ∈M0
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Proof. As a starting point let us notice that the right hand side of (9) contains specific repre-
sentatives of the equivalence classes appearing on the left hand side. Hence, in order for (9) to
be well-defined, one must prove that the right hand side is independent from the choice of the
representative. Since σ is bilinear and antisymmetric, we can just consider one of the arguments
and, thus, suppose that f, f ′ ∈ [f ] ∈ L0. Hence f − f
′ = f˜ ∈ Ω10,δ(M) with f˜ = δβ, β being a
closed 2-form of compact support. Since dE(f˜) = 0 and since the first cohomology group of M
is trivial, we know that there exists λ ∈ C∞(M) such that E(f˜) = dλ. Therefore∫
M
E(f˜) ∧ ∗h =
∫
M
dλ ∧ ∗h =
∫
M
λ ∧ ∗δh = 0,
where in the last identity we used the fact that the intersection of the support of λ and h is
compact. Notice that, without the topological assumption on the cohomological structure of
M , there is no apparent way to claim that
∫
M
E(f˜) ∧ ∗h vanishes even knowing that f˜ is both
closed and coclosed. Since ϕ is a bijection as per proposition 2.2 and since M0 is per definition
the pre-image of L0, we only need to prove that (L0, σ) is a weakly non-degenerate symplectic
vector space. This is tantamount to show that, if σ([Af ], [Ah]) = 0 for all [Ah] ∈ L0 then [Af ]
must be [0]. Let us suppose that this is not true and let us assume that h = δλ˜ with λ˜ ∈ Ω20(M).
This entails that ∫
M
E(f) ∧ ∗δλ =
∫
M
dE(f) ∧ ∗λ˜ = 0.
Since both dE(f) and ∗λ˜ are two-forms, the non-degenerateness of the pairing between 2-forms
and the arbitrariness of λ yield that dE(f) = 0. Since per hypothesis also δE(f) vanishes,
it means that E(f) falls in the same equivalence class as 0 in L. Since f is also compactly
supported, the desired conclusion follows.
We are now in position to define the algebra of observables for a massless spin 1 field:
Definition 2.10. We call Weyl algebra of the spin 1 massless field on (M,g) with H1(M) =
{0}, the unique (up to *-isometries) C ∗-algebra W0(M,g) associated to the symplectic space
(M0, σM0) which is generated by the abstract elements W ([A]) with [A] ∈M0 and such that
W ([A])∗ =W (−[A]), W ([A])W ([A′]) = e
i
2
σM0 ([A],[A
′])W ([A+A′]).
Whenever the first cohomology group of (M,g) is not trivial, even though the straightforward
construction of a Weyl C∗-algebra fails, one could try to resort to an alternative procedure
which stems from the existence of a cover of any globally hyperbolic spacetime with contractible
globally hyperbolic subsets. Since on each such subset all topological obstructions would be
absent and thus each of them possesses its own Weyl algebra, one could try to associate to (M,g)
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the so-called universal algebra using the scheme outlined in [Fre89]. Yet, in order to prove the
existence of such an algebra one would have to verify that the conditions of proposition B.0.6 in
[BFM09] are met; these appear to be rather tricky to prove and we postpone the study of this
problem to a later work.
Although already proven in proposition A.3 of [FePf03], we recast in our language the following
result:
Lemma 2.3. The Weyl algebra W0(M,g) satisfies the time-slice axiom, that is, if Σ is a
Cauchy surface of (M,g) and O an open globally hyperbolic subset of M containing Σ, it holds
that W0(M,g) = W0(O, g|O).
Proof. Let us recall that every generatorW ([Af ]) ofW(M,g) can be constructed unambiguously
from
[
Ω10,δ(M,g)
]
. Hence we can equivalently consider the C∗-algebra generated by V ([f ]) with
[f ] ∈
[
Ω10,δ(M,g)
]
and subject to the defining relations:
V ([f ])∗ = V (−[f ]), V ([f ])V ([f ′]) = e
i
2
E([f ],[f ′])V ([f + f ′]),
where E([f ], [f ′])
.
=
∫
M
E(f) ∧ ∗f ′, f, f ′ being arbitrary representatives in the respective equiv-
alence classes. Let us now consider an arbitrary globally hyperbolic open subset O of M en-
compassing a Cauchy surface Σ and let us choose two other Cauchy surfaces Σ±, lying in the
future and in the past of Σ respectively. Let us also fix two functions χ± ∈ C∞(M) such that
χ+ + χ− = 1 and supp(χ+) ∈ J−(Σ+) while supp(χ−) ∈ J+(Σ−). Hence consider now any
[f ] ∈
[
Ω10,δ(M,g)
]
and suppose there exists a representative f ∈ Ω10,δ supported in the causal
future of Σ+. Then the following identity holds:
f = δd(E−(f)− χ+E(f)) + f˜ .
Hence, f˜ = f − δd(E−(f) − χ+E(f)) = δd(χ+E(f)), where we exploited that δf vanishes.
Thanks to the support properties of χ±, it turns out that f˜ ∈ Ω10(O) ⊂ Ω
1
0(M). Furthermore,
it also holds that E(f) = E(f˜) and, since δf = 0, also δf˜ = 0. To conclude we need to show
that f˜ falls in the same equivalence class as f in (M,g) as per definition 2.9: This is automatic
since, per construction, f − f˜ = δβ where β = d(χ+E(f)) and dβ = 0.
2.3 Spin 1
2
and spin 1 fields in the language of general local covariance
We remind the reader that our ultimate goal is to prove the existence of states for higher
spin free fields enjoying at least locally the Reeh-Schlieder property. Particularly we want
to follow the approach of [San09] which has the advantage of being rather general since it
deals with arbitrary locally covariant field theories. First introduced in [BFV03], the so-called
principle of general local covariance was formulated leading to the realization of a quantum field
theory as a covariant functor between the category of globally hyperbolic (four-dimensional)
14
Lorentzian manifolds with isometric embeddings as morphisms and the category of C∗-algebras
with invertible endomorphisms as morphisms. This also entails a new interpretation of local fields
as natural transformations from compactly supported smooth functions to suitable operators.
In the same paper it was proven that the Klein-Gordon field fits perfectly in this scheme whereas
Dirac fields were dealt with in [San10], although a preliminary analysis was already present in
[Ver01]. Therefore, the goal of this subsection will be twofold: On the one hand we will shorty
recapitulate some of the results of this last cited paper concerning spin 12 fields, while, on the
other hand, we will prove that also the vector potential and the Proca field can be described
as genuine local covariant quantum field theories. Since, as already mentioned, the natural
language of this framework is that of categories, as a first step we will introduce those which will
be employed in the forthcoming analysis. Since the composition map between morphism and
the existence of an identity map are straightforwardly defined in all the cases we shall consider,
we will omit them.
Definition 2.11. We call:
• GlobHyp: the category whose objects are (M,g), that is four dimensional oriented and
time oriented globally hyperbolic spacetimes endowed with a smooth metric of signature
(−,+,+,+). A morphism between two objects (M,g) and (M ′, g′) is a smooth embedding
µ :M →M ′ such that µ(M) is causally convex1 and µ∗g′ = g on µ(M).
• GlobHyp1: the subcategory of GlobHyp whose objects are (M,g) ∈ Obj(GlobHyp) and
H1(M) = {0}. A morphism between two objects (M,g) and (M ′, g′) is a smooth embed-
ding2 µ :M →M ′ such that µ(M) is causally convex and µ∗g′ = g on µ(M).
• Bund: the category whose objects are smooth fibre bundles π : P →M where (M,g) is an
object of GlobHyp. Morphisms are smooth maps ν : P1 → P2 such that they restrict to
isomorphisms of the fibres and they cover a morphism µ : M1 → M2 in GlobHyp, that is
π2 ◦ ν = µ ◦ π1.
• SSpac: the subcategory of Bund whose objects are the quadruples (M,g, SM, πS) where
(M,g) is an object of GlobHyp whereas (SM,πS) is a spin bundle over (M,g) as per
definition 2.3. Morphisms are maps χ : (M1, g1, SM1, πS,1)→ (M2, g2, SM2, πS,2) covering
morphisms µ : (M1, g1)→ (M2, g2) in GlobHyp so that χ ◦RS,1 = RS,2 ◦ χ and πS,2 ◦ χ =
µ∗ ◦ πS,1 where µ∗ is the push-forward induced by µ.
• Alg: the category whose objects are unital C ∗-algebras whereas morphisms are injective
unit-preserving ∗-homomorphisms.
We shall now use these ingredients first discussing the Proca field and the vector potential,
which are still treated separately due to some subtleties, and later recollecting the results of
[San09] on Dirac fields. Hence, on account of definition 2.1 in [BFV03]:
1We recall that an open subset O of a globally hyperbolic spacetime is called causally convex if ∀x, y ∈ O all
causal curves connecting x to y lie entirely inside O.
2Notice that µ is a diffeomorphism between M and µ(M) and thus corollary 11.3 of [Lee00] entails that the
cohomology groups of M and µ(M) are isomorphic.
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Proposition 2.2. The Proca field is a locally covariant quantum field theory, that is there
exists a covariant functor WA,m : GlobHyp → Alg which assigns to every object (M,g) ∈
GlobHyp the C∗-algebra Wm(M,g) of definition 2.8 with the induced action on the morphisms.
In diagrammatic form:
(M,g)
µ
−−−−→ (M ′, g′)
WA,m
y yWA,m
Wm(M,g)
αµ
−−−−→ Wm(M
′, g′)
where αµ is the unit-preserving ∗-homomorphism defined by its action on the generators as
αµ (W (Af ))
.
= W (A
f˜
) where f˜
.
= f ◦ µ for all Af ∈ Sm(M). Furthermore the locally covariant
quantum field theory of a Proca field fulfils the time slice axiom and it is causal, that is
for every two morphisms µj : (Mj , gj) → (M,g), j = 1, 2 between objects in GlobHyp so that
µ1(M1, g1) is causally separated from µ2(M2, g2), it holds
[αµ1 (Wm(M1, g1)) , αµ2 (Wm(M2, g2))] = 0.
Proof. On account of the analysis of the previous section, the proof is roughly identical to the
one for the Klein-Gordon field given in [BFV03], which in turn relies on the analysis of [Dim80].
As we discussed in definition 2.8 and in the preceding analysis, to every (M,g) ∈ Obj(GlobHyp),
one can associate both (Sm(M), σm), the symplectic vector space built out of the solutions of
the Proca equation and Wm(M,g), a unique (up to ∗-isomorphisms) C
∗-algebra. Let us consider
any morphism µ between two objects, (M,g) and (M ′, g′) and let us consider (µ(M), g′|µ(M))
as a globally hyperbolic spacetime on its own. It is easy to see that Sm(µ(M)) = µ∗Sm(M),
where µ∗ is the pull-back on forms induced by the action of µ
−1 which is well-defined, µ being
a diffeomorphism between M and µ(M). As a matter of fact, if we consider any solution A of
the Proca equation, the following identity holds:
µ∗[(δd −m
2)A] = (δd −m2)µ∗(A) = 0,
where we employed that the pull-back induced by a smooth isometric embedding commutes with
d (see Lemma 9.14 in [Lee00]) and it intertwines the Hodge star ∗ of the source and of the target
manifold. This identity together with the relations µ∗ ◦ µ
∗ = idµ(M) and µ
∗ ◦ µ∗ = idM suffices
to prove the above statement. Hence, if we consider the propagator ∆ = Em(I+m
−2dδ) for the
Proca equation in (M,g) and ∆˜ for the counterpart in (µ(M), g′|µ(M)), it holds similarly to the
scenario of a real scalar field that ∆˜ = µ∗ ◦∆ ◦ µ
∗. Consequently, on account of definition (7),
for all f, h ∈ Ω10(M) ∫
M
∆(f) ∧ ∗h =
∫
µ(M)
∆˜(f˜) ∧ ∗h˜,
where f˜ and h˜ are equal to µ∗(f) and µ∗(h) respectively. In other words µ is a symplecto-
morphism. According to a standard theorem for C∗-algebras, this entails the existence of a
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C∗-isomorphism α˜µ between the Weyl algebras Wm(M,g) and Wm(µ(M), g
′|µ(M)) whose action
on each generator W (Af ), Af ∈ Sm(M), is unambiguously fixed as α˜µ(W (Af ))
.
= W (µ∗(Af )).
Furthermore since µ(M) is a globally hyperbolic open subset of M ′, the uniqueness of the
causal propagator for the Proca equation entails that ∆˜ ≡ χ(µ(M))∆′, χ(µ(M)) and ∆′ being
the characteristic function of µ(M) ⊆ M ′ and the propagator for δd − m2 in (M ′, g′) respec-
tively. This relation yields the existence of a natural immersion ι : Sm(µ(M)) → Sm(M
′)
which associates to each Af ∈ Sm(µ(M)) with f ∈ Ω
1
0(µ(M)) the 1-form ∆
′(f) ∈ Sm(M
′).
A direct inspection of (7) shows that ι is a symplectomorphism and thus it induces a ∗-
isomorphism αι : Wm(µ(M), g
′|µ(M)) → Wm(M
′, g′) characterized by its action on the gen-
erators as αι(W (Af ))
.
=W (ι(Af )). Hence we have constructed a C
∗-isomorphism αµ
.
= αι ◦ α˜µ :
Wm(M,g) → Wm(M
′, g′) and it automatically satisfies the covariance properties required in
definition 2.1 of [BFV03], namely
αµ′ ◦ αµ = αµ′◦µ, αidM = idWm(M,g),
where µ is a morphism between (M,g) and (M ′, g′) in GlobHyp while µ′ is a morphism between
(M ′, g′) and (M ′′, g′′) in GlobHyp. This suffices to prove that WA,m is indeed a covariant functor
defining a locally covariant quantum field theory. As already mentioned, the time-slice axiom
holds true as proven by Fewster and Pfenning in lemma A.3 of [FePf03] whereas the property
of being causal is a by-product of the composition rule of the Weyl algebra in definition 2.8.
Such rule depends on the symplectic form σm which in turn is constructed out of the causal
propagator Em for +m
2. Hence, if we consider two objects (M1, g1) and (M2, g2) of GlobHyp
isometrically embedded in a third one, (M,g) and such that µ1(M1) is causally separated with
µ2(M2), it holds that, for every W (Af ) ∈ αµ1(Wm(M1, g1)) and W (Ah) ∈ αµ2(Wm(M2, g2)),
W (Af )W (Ah) = W (Af + Ah) = W (Ah)W (Af ) since σm(Af , Ah) vanishes. This is due to the
support properties of the causal propagator Em and thus also of ∆.
We can now focus on the massless case:
Proposition 2.3. The vector potential can be described in terms of a locally covariant quantum
field theory, that is there exists a covariant functor WA,0 : GlobHyp1 → Alg which assigns to
every object (M,g) ∈ GlobHyp1 the C
∗-algebra W0(M,g) of definition 2.10 with the induced
action on the morphisms. In diagrammatic form:
(M,g)
µ
−−−−→ (M ′, g′)
WA,0
y yWA,0
W0(M,g)
αµ
−−−−→ W0(M
′, g′)
where αµ is the unit-preserving ∗-homomorphism defined by its action on the generators as
αµ (W ([Af ]))
.
= W ([A
f˜
]) where [f˜ ]
.
= [f ◦ µ] for all f ∈
[
Ω10,δ(M,g)
]
Furthermore this locally
covariant quantum field theory fulfils the time slice axiom and it is causal.
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Proof. Let us start from an arbitrary (M,g) ∈ Obj(GlobHyp1) and let us consider any smooth
isometric embedding µ : (M,g)→ (M ′, g′). On the image µ(M), the map µ is a diffeomorphism
and thus, for every A ∈ Ω1(M) solving (8) it is meaningful to consider the pull-back under the
action of µ−1 which we indicate as µ∗(A). As already discussed in the proof of proposition 2.2,
both the exterior derivative and δ commute with any isometry; thus it holds both that µ∗(A) =
µ∗((A)) = 0 and that δµ∗(A) = µ∗δ(A) = 0. Furthermore, if A can be written as E(f) with
f ∈ Ω10,δ, we can proceed as for the Proca equation to conclude that µ∗(A) = µ∗◦E(f) = µ∗◦E ◦
µ∗ ◦ µ∗(f) = E˜f˜ is a solution of (8) in µ(M) generated by the action on f˜
.
= µ∗(f) ∈ Ω
1
0(µ(M))
of the causal propagator E˜
.
= µ∗ ◦ E ◦ µ
∗. Furthermore, on account of definition 2.9 and of
[δ, µ∗] = 0, it holds that
[
Ω10,δ(µ(M))
]
= µ∗
[
Ω10,δ(M)
]
and thus, L0(µ(M)) = µ∗L0(M). For
any [f˜ ], [h˜] ∈
[
Ω10,δ(µ(M))
]
, (9) reads
σ˜
(
[A
f˜
], [A
h˜
]
)
=
∫
µ(M)
E˜(f˜) ∧ ∗h˜ =
∫
µ(M)
µ∗ ◦ E(f) ∧ µ∗(h) =
=
∫
µ(M)
µ∗ [E(f) ∧ h] =
∫
M
E(f) ∧ ∗h = σ ([Af ], [Ah]) ,
where σ˜ stands for the symplectic form of L0(µ(M)). Notice that in the various equalities we
employed the definitions of E˜, f˜ , h˜ as well as lemma 9.9 in [Lee00]. In other words µ∗ is a
symplectomorphism between (L0(M), σ) and (L0(µ(M)), σ˜).
We recall now that (µ(M), g′|µ(M)) is a globally hyperbolic open subset of (M
′, g′), which
describes via the smooth isometric embedding ι : µ(M)→M ′. Hence, since any f ∈ Ω10,δ(µ(M))
also lies in Ω10,δ(M
′) every element of the equivalence class [f ]µ(M) ∈
[
Ω10,δ(µ(M))
]
generated by
f lies in the equivalence class [f ]M ′ ∈
[
Ω10,δ(M
′)
]
generated still by f . Notice that the subscripts
are introduced in order to avoid confusion in the notation and they will not be present elsewhere
in the text. Furthermore the uniqueness of the solution for the wave equation with smooth
compactly supported initial data entails that, if we consider E′, the causal propagator for (8)
in M ′, it holds that E˜ = χ[µ(M)]E′ where χ is the characteristic function. Consequently we
can claim both that ι induces an embedding ι˜ : L0(µ(M))→ L0(M
′) defined as ι˜
(
E[f ]µ(M)
) .
=
E ([f ]M ′) and that ι˜ is a symplectomorphism. This can be proven per direct inspection of (9)
and thus we omit the explicit computation.
If we now consider the symplectomorphism ϕ from definition 2.9, we have proven the exis-
tence of a map µ˜
.
= ϕ−1M ′ ◦ ι˜ ◦ µ∗ ◦ ϕM : M0(M) → M
′
0 which preserves the symplectic form.
At a level of Weyl algebras this induces a C∗-isomorphism αµ : W0(M) → W0(M
′) completely
determined by its action on the generators:
αµ(W ([A])) =W (ϕ
−1
M ′ ◦ ι˜ ◦ µ∗ ◦ ϕM ([A])), ∀[A] ∈M0(M).
On account of this last formula , the map αµ automatically satisfies the covariance properties
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required in definition 2.1 of [BFV03], namely
αµ′ ◦ αµ = αµ′◦µ, αidM = idW0(M,g),
where µ is a morphism between (M,g) and (M ′, g′) in GlobHyp1 while µ
′ is a morphism between
(M ′, g′) and (M ′′, g′′) in GlobHyp1. This suffices to prove that WA,0 is indeed a covariant functor
defining a local covariant quantum field theory. As in the massive case, the time-slice axiom is
satisfied as proven by Pfenning and Fewster in [FePf03], whereas causality holds true following
exactly the same reasoning as in proposition 2.2 barring minor amendments to account for the
different equivalence classes.
We can now focus on the fields with spin 12 . As we mentioned before this case has been treated
in full details in [San10] and it is far from our goals to summarize all the results obtained in this
cited paper. Bearing in mind the nomenclature of definition 2.7 and of the subsequent analysis,
here we shall only summarize in our setting the results of theorem 4.7 and proposition 4.8 in
[San10]:
Proposition 2.4. A Dirac field can be described as a locally covariant quantum field theory,
namely as the B : SSpac → Alg which assigns to each (M,g, SM, πS) ∈ Obj(SSpin) A(M,g),
the subalgebra of observables of F(M,g). Furthermore this theory is causal and it satisfies the
time-slice axiom.
3 The Reeh-Schlieder property
In the previous section we set all the pieces on the chessboard and now it is time to unveil the
details of the strategy according to which we shall use them. Hence, as a first step, we shall
recollect the notion of “Reeh-Schlieder” property.
As customary in the algebraic approach to quantum field theory, a full quantization scheme
consists of two ingredients, a unital C∗-algebra (a ∗-algebra actually suffices in the most general
scenario), here indicated for the sake of simplicity as W, and a state, that is a continuous linear
functional ω : W → C such that
ω(e) = 1, ω(a∗a) ≥ 0, ∀a ∈W,
where e is the unit element of the algebra. The Gelfand-Naimark-Segal (GNS) theorem guar-
antees that it is possible to assign to the pair (W, ω) a triplet (Hω,Πω,Ωω), where Hω is an
Hilbert space on which the algebra W is represented in terms of bounded linear operators via
Πω. Furthermore, Ωω is a norm 1 vector in Hω, such that Hω = πω(W)Ωω. The collection of all
states admits a description in terms of the following category:
• States: The objects are all the subsets of W∗, the dual space of W ∈ Obj(Alg) and as
morphisms all maps α∗ : S1 → S2 defined as the pull-back constructed out of the morphism
α : W1 →W2 between two objects in Alg.
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Definition 3.1. For a given functor W : GlobHyp → Alg defining a local covariant quantum
field theory in the sense of definition 2.1 in [BFV03], a state space S is a contravariant functor
S : GlobHyp → States such that S(M,g) = W(M,g)∗ for all (M,g) ∈ Obj(Globhyp) whereas,
for a given morphism µ : (M,g) → (M ′, g′), it holds that S(ψ)
.
= α∗µ, this being the pull-back
induced by αµ : W(M,g)→W(M
′, g′).
Furthermore, a state ω ∈ S(M,g) with (M,g) ∈ Obj(GlobHyp) has the Reeh-Schlieder
property for a causally convex region O ⊆M if and only if πω (W(O, g|O))Ωω = Hω.
Notice that the same definition is valid if we replace GlobHyp with GlobHyp1 or with SSpac.
3.1 The deformation argument
The next step consists of explaining the procedure leading to prove the existence of a state
which satisfies the Reeh-Schlieder property at least for a causally convex region of a globally
hyperbolic spacetime. This issue was addressed in [San09] for a generic but abstract local
covariant field theory while only the concrete case of a scalar field theory was discussed in
detail. The underlying philosophy is the same as the one used in the last decade to prove
that there exist Hadamard states for free field theories, namely a deformation argument. First
introduced in [FNW81], it calls for mapping via a local isometry a suitable neighbourhood of
a Cauchy surface in an arbitrary globally hyperbolic spacetime into an open neighbourhood of
a Cauchy surface of a second globally hyperbolic spacetime. The latter is engineered in such a
way that its metric becomes isometric to that of an ultrastatic globally hyperbolic spacetime3 in
a causal convex neighbourhood of a third Cauchy surface. The advantage lies in the presence on
any ultrastatic spacetime of a complete timelike Killing field which makes possible an explicit
construction of states enjoying most of the wanted properties such as the Reeh-Schlieder one
or/and the Hadamard condition. Furthermore, the existence of a state with these properties in
an ultrastatic manifold suffices to guarantee the existence of a second state in the first manifold
which preserves at least locally the very same properties. We review now this procedure more
in detail although all the statements we shall write are proven in section 3 of [San09]. Notice
that, as in the previous section, we can replace GlobHyp with GlobHyp1 without problems. The
same conclusion holds true in the case of spin 12 fields, where one should work with SSpac.
To this avail we recall that to each object (M,g, SM, πS) ∈ SSpac it is associated a unique
element (M,g) ∈ Obj(GlobHyp) and that each morphism in SSpac is the covering of one in
GlobHyp. One might think that potential subtleties might arise when there does not exists
a unique spin structure associated to a four dimensional oriented and time oriented globally
hyperbolic spacetime (M,g). Yet this is ultimately not a problem since the mentioned non
uniqueness is ruled by the topology of the underlying background. Hence, since the deformation
argument focuses only on the geometry leaving the topology untouched, we are free to associate
to all the spacetimes involved the same spin structure and thus all the results we shall derive
3A four dimensional globally hyperbolic spacetime is called ultrastatic if there exists a local chart (t, xi),
i = 1, ..., 3 such that the line element reads ds2 = −dt2 + hijdx
idxj where t runs over the whole real line while h
is a smooth Riemannian metric independent from t.
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can be used also for Dirac fields once a spin structure has been fixed.
Hence, the geometric side of the deformation argument is the following:
Proposition 3.1. Let (M,g), (M ′, g′) ∈ Obj(GlobHyp) be chosen so that the respective Cauchy
surfaces Σ →֒ M , Σ′ →֒ M ′ are diffeomorphic. Let O′ ⊂ M ′ be a bounded causally convex
(bcc) region with non-empty causal complement4. Then there exist (M˜ , g˜) ∈ Obj(GlobHyp) with
two embedded Cauchy surface Σ˜ →֒ M˜ and Σ˜′ →֒ M˜ as well as bcc. regions U, V ⊂ M and
U ′, V ′ ⊂M ′ such that, if we call I± the chronological future and past,
• there exist isometries ψ− between I−(Σ) and I−(Σ˜) as well as ψ+ between I+(Σ′) and
I+(Σ˜′),
• U ′, V ′ ⊂ I+(Σ′), U ′ ⊂ D(O′) and O′ ⊂ D(V ′), D being the domain of dependence,
• U, V ⊂ I−(Σ), U, V ⊥ 6= ∅ and ψ−(U) ⊂ D(ψ+(U ′)) as well as ψ+(V ′) ⊂ D(ψ−(V )).
At a level of C∗-algebras, the above proposition has been used in the proof of the following facts:
Proposition 3.2. Let W : GlobHyp → Alg be a covariant functor defining a locally covariant
quantum field theory satisfying the time-slice axiom and let S be the associated state space as
per definition 3.1. Then
1. two (M,g), (M ′, g′) ∈ Obj(GlobHyp) with diffeomorphic Cauchy surfaces are mapped by
W into isomorphic C∗-algebras,
2. for any bcc. region O′ ⊂ M ′ with O′⊥ 6= ∅, there exist bcc. open sets U, V ⊂ M and a
∗-isomorphism α : W(M ′, g′)→W(M,g) such that V ⊥ 6= ∅ and
W(U, g|U ) ⊂ α
(
W(O′, g′|O′)
)
⊂W(V, g|V ).
In turn this last proposition leads to the main statement of [San09]:
Proposition 3.3. Under the same assumptions of the previous proposition, the following state-
ments hold true:
1. Let us consider (M,g), (M ′, g′) ∈ Obj(GlobHyp) with diffeomorphic Cauchy surfaces such
that ω ∈ S(M,g) has the Reeh-Schlieder property. Then for any bcc. region O′ ⊂M ′ such
that O′⊥ 6= ∅, there exists a ∗-isomorphism α : W (M ′, g′)→ W (M,g) such that ω′
.
= α∗ω
has the Reeh-Schlieder property for O′.
2. If the Cauchy surfaces are not compact, for any bcc. region O′1 ⊂M
′, there exists a second
bcc. region O′2 ⊂ O
′⊥
1 for which α
∗ω has the Reeh-Schlieder property.
4We recall that for any open set K of a Lorentzian manifold (M, g), the causal complement is K⊥
.
= M \
(J+(K) ∪ J−(K)).
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3. If the locally covariant quantum field theory is causal in the sense of definition 2.1 in
[BFV03], then, given (Hω′ ,Πω′ ,Ωω′) – the GNS triple of ω
′ –, it turns out that Ωω′ is
cyclic and separating for πω′(W (O′, g′|O′))
′′
. If the Cauchy surfaces are not compact, then
ω′ is also separating for all πω′(W (O
′
1, g
′|O′
1
))
′′
, O′1 being an arbitrary bcc region in M
′.
Notice that the above proposition deals only with the construction of a state which has the
Reeh-Schlieder property only in suitably small neighbourhood. This is indeed the scenario we
are interested in, but it is worthwhile to mention that a stronger result can be obtained: Let us
consider a locally covariant quantum field theory W : GlobHyp → Alg, causal and satisfying the
time-slice axiom with a locally quasi-equivalent state space – see definition 2.4.3 in [San08] for
more details. Suppose that the latter is maximal, that is, for any state ω : W(M,g)→ C which is
locally quasi-equivalent to a state in S(M,g), ω lies in S(M,g). Then, for any (M,g), (M ′, g′) ∈
Obj(GlobHyp) with diffeomorphic and non compact Cauchy surfaces, S(M ′, g′) contains a full
Reeh-Schlieder state if one such state exists in S(M,g).
3.2 Existence of a local Reeh-Schlieder state for higher spin field theories
We can now use the analysis of the previous section to prove our main result. The line of
reasoning can be summarized as follows: Since every globally hyperbolic spacetime (M ′, g′) is
diffeomorphic to R × Σ, Σ being a three-dimensional Cauchy surface, it is always possible to
apply proposition 3.1, 3.2 and 3.3 by fixing (M,g) as an ultrastatic spacetime which is in turn
diffeomorphic to R×Σ. In the latter case it was proven in [Stro00] that, for a scalar or a Proca
field, every quasifree and continuous state which is ground or KMS with respect to the timelike
Killing vector field in M has the Reeh-Schlieder property. Hence, since a real massive scalar
field can be described as a locally covariant quantum field theory and since a ground state is
always existent on a static spacetime [Kay78], it is possible to combine the result of Strohmaier
with proposition 3.3 to conclude the existence of a state for a real and massive scalar field theory
on (M ′, g′) which satisfies the local Reeh-Schlieder property and, moreover, it is of Hadamard
form.
Our goal is to generalize the above result as follows and we start from the case of Dirac
fields.
Proposition 3.4. Let (M ′, g′, SM ′, πS) ∈ Obj(SSpac) be given and let O ⊂ M
′ be any bcc.
region with O⊥ 6= ∅. Then, for B(M ′, g′, SM ′, πS) = A(M
′, g′) as in proposition 2.4, there
exists always a Hadamard state ω′ which has the Reeh-Schlieder property for O. Furthermore,
if (Hω′ , πωω
′,Ωω′) is the GNS triplet associated to ω
′, Ωω′ is both cyclic and separating for
πω′(A(O, g′|O))
′′.
Proof. In proposition 2.4, it was proven that a Dirac field can be described as a locally covariant
quantum field theory which furthermore satisfies the time-slice axiom. Furthermore, a free
Dirac field on an ultrastatic spacetime (M,g) admits always a pure and quasifree state ω which
is a ground state with respect to the dynamics induced at a C∗-algebra level by the timelike
Killing field. This was first explicitly established in [FeVe02] following theorem 2 in [Ar71] and
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[Wein69]. Furthermore, on account of [SaVe00], we know that such a state is of Hadamard form
and, on account of [Stro00], that it has the Reeh-Schlieder property. Hence, we can invoke the
deformation argument and propositions 3.2 and 3.3 to conclude the existence of a ∗-isomorphism
α : B(M ′, g′, SM ′, πS) → B(M,g, SM, πS ). This induces in turn a state ω
′ = α∗ω in (M ′, g′)
which, on account of proposition 3.3, has the sought properties. Furthermore, the very same
deformation argument (see [SaVe01]) entails also that ω′ enjoys the Hadamard property.
For the massive spin 1 field the outcome is not that different:
Proposition 3.5. Let (M ′, g′) ∈ Obj(GlobHyp) be given and let O ⊂ M ′ be any bcc. region
with O⊥ 6= ∅. Then there exists always a Hadamard state ω′ for Wm(M
′, g′) as in definition 2.8
which has the Reeh-Schlieder property for O. Furthermore, if (Hω′ , πω′ ,Ωω′) is the GNS triplet
associated to ω′, Ωω′ is both cyclic and separating for πω′(Wm(O, g′|O))
′′.
Proof. In proposition 2.2 it was proven that a Proca field can be described as a locally covariant
quantum field theory which, furthermore, satisfies the time-slice axiom. Hence we can apply
the procedure depicted in the previous section by deforming the chosen globally hyperbolic
spacetime (M ′, g′) into an ultrastatic one, (M,g). On the latter the Weyl algebra for a massive
spin 1 field, Wm(M,g), admits a ground state with respect to the timelike Killing field [Fur99].
On account of [SaVe00] we also know that such a state is of Hadamard form and, on account of
[Stro00] that it has the Reeh-Schlieder property. Hence, proposition 3.2 guarantees the existence
of a ∗-isomorphism α : Wm(M
′, g′)→ Wm(M,g) whereas proposition 3.3 asserts that ω
′ = α∗ω
has the sought properties. Furthermore, the very same deformation argument (see [SaVe01])
entails also that ω′ enjoys the Hadamard property.
Slightly more complicated is instead the discussion for the vector potential. We remark that,
in the case of globally hyperbolic spacetimes with trivial first de Rham cohomology group and
compact Cauchy surface, one could shorten the argument by employing the results of [FePf03],
section IV in particular. It holds:
Proposition 3.6. Let (M ′, g′) ∈ Obj(GlobHyp1) be given and let O ⊂ M be any bcc. region
with O⊥ 6= ∅. Then there exists always a Hadamard state ω′ for W0(M
′, g′) as in definition 2.10
which has the Reeh-Schlieder property for O. Furthermore, if (Hω′ , πω′ ,Ωω′) is the GNS triplet
associated to ω′, Ωω′ is both cyclic and separating for πω′(W0(O, g′|O))
′′.
Proof. In proposition 2.3, it was proven that the vector potential can be described as a locally
covariant quantum field theory which satisfies, moreover, the time-slice axiom. Hence we can
apply the procedure depicted in the previous section by deforming the chosen globally hyperbolic
spacetime (M ′, g′) into an ultrastatic one, say (M,g). Notice that, since the deformed manifold
has the same topological structure of the former, it holds that H1(M) = {0}. Unfortunately the
existence of a state ω : W0(M,g)→ C which satisfies the Reeh-Schlieder property has never been
explicitly established. Yet all ingredients to do it are already available in the literature and we
can simply recollect them: First of all the existence of a quasi-free state ω for W0(M,g) can be
inferred from section 3.1 in [Pfe09] where quantization via a Fock space is discussed. The main
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ingredients are the same as those needed for a scalar field: a weakly non degenerate symplectic
form and a complex structure. Furthermore, since (M,g) is ultrastatic, it possesses a timelike
Killing field ξ which generates a 1-parameter group of isometries, say gt(ξ). This induces an
action on each f ∈ Ω10(M) via map composition and, since gt(ξ) is an isometry, it commutes
with the action both of δ and of d. Hence, on account of definition 2.9, both
[
Ω10,δ(M)
]
and
L0(M) are preserved by the natural action of gt(ξ). Furthermore, if one write (9) in a local
coordinate system, it is immediate that gt(ξ) is also a symplectomorphism. Hence, according to
these remarks, the state constructed in [Pfe09] is a ground state and one could repeat almost
slavishly the discussion in [Stro00] to conclude that it also enjoys the Reeh-Schlieder property.
On account of [SaVe00] we also know that such a state is of Hadamard form. Hence, proposition
3.2 guarantees the existence of a ∗-isomorphism α : W0(M
′, g′) → W0(M,g) which induces
a state ω′ = α∗ω with the sought properties since proposition 3.3 holds true. Furthermore,
the very same deformation argument (see [SaVe01]) entails also that ω′ enjoys the Hadamard
property.
To conclude the section, we would like to point out an additional feature of the deformation
argument which is often neglected but descends almost automatically from the construction
employed. Most notably, let us consider a globally hyperbolic spacetime (M ′, g′) and, up to an
isometry, we can splitM ′ as R×Σ′ and we can find a coordinate system xµ = (t, xi), µ = 0, ...., 4
and i = 1, ..., 3 such that g′µνdx
µdxν = −βdt2 + hijdx
idxj where β ∈ C∞(M,R+) while h is a
smooth time-dependant Riemannian metric on the Cauchy surface Σ′. If there exists a complete
spacelike Killing field ξ for g′ whose integral curves lie, for each initial value, on a fixed Cauchy
surface Σ′, it is possible to choose the ultrastatic spacetime (M,g), which is diffeomorphic to
(M ′, g′), in such a way that ξ is also a spacelike complete Killing field for g. Furthermore each
integral curve will lie entirely on a fixed Cauchy surface Σ of (M,g) which is diffeomorphic to
Σ′. Hence, under these hypotheses and assuming the standard action of this additional isometry
on the algebra of observables (the fermionic and the bosonic case yield the same result), the
ground state ω we consider on the ultrastatic spacetime will be invariant under the action of the
spacelike isometry. This invariance property will be preserved under the pull-back action of α
introduced in proposition 3.2 and thus also ω′ = α∗ω will be invariant under the action induced
by ξ.
4 Conclusions
We have proven that the Dirac and the Proca field as well as the vector potential admit even
on a generic globally hyperbolic spacetime a state which enjoys the Reeh-Schlieder property at
least on a suitable open region. To get to this result we also had to show that spin 1 fields
can be described as locally covariant quantum field theories regardless of the gauge freedom
present in the massless case. From a mathematical point of view, this result guarantees that
yet another property, first introduced on Minkowski background, admits a generalization on
non trivial manifolds. From a physical point of view, we envisage instead at least two possible
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applications: As already commented in the introduction we expect that the states, we proved
to exist, could be employed in the framework of warped convolutions where new field theory
models are engineered by deforming free ones. The existence of a state which enjoys the Reeh-
Schlieder property could allow to prove on a firmer ground that the resulting model is indeed non
equivalent to the original one. From a completely different perspective, the outcome of this paper
could be seen as a first step to bring our knowledge of spin 1 fields on curved backgrounds on par
with that of the other free fields. In particular the massless case has been often relegated to an
ancillary role mostly due to the presence of the gauge freedom which makes the achievement of
any result trickier to say the least. With this paper we want to start a series of analyses aiming
to fill this gap and our next goal will be to extend the results of [FePf03]. In this paper the
very same deformation argument we employed was used to prove that, under certain topological
restrictions on the Cauchy surface, a vector potential on a globally hyperbolic spacetime always
admits at least one Hadamard state. We plan to show that the bulk-to-boundary procedure,
first discussed in [DMP06], can be used also for vector potential. To this avail the proof that
such a field can be described in the language of general local covariance will play an important
role and ultimately we will provide an explicit construction of Hadamard states on a large class
of curved backgrounds.
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